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ABSTRACT The spectrin network on the
cytoplasmic surface of the erythrocyte
membrane is modeled as a triangular
lattice of spectrin tetramers. This net-
work obstructs lateral diffusion of pro-
teins and provides mechanical rein-
forcement to the membrane. These
effects are treated in a systematic and
unified manner in terms of a percolation
model. The diffusion coefficient is
obtained as a function of the fraction of

normal spectrin tetramers for both
static and fluctuating barriers. The
elasticity of the network is calculated
as a function of the fraction of normal
spectrin and the ratio of bending to
stretching energies. For static barriers,
elasticity and lateral diffusion are
incompatible: if a network is connected
enough to be elastic, it is connected
enough to block long-range lateral dif-
fusion. The elasticity and the force

required for mechanicatl breakdown go
to zero at the percolation threshold;
experimental evidence suggests the
existence of a stability threshold at or
near the percolation threshold. The
model is qualitatively applicable to
other cells with membrane skeletons,
such as epithelial cells, in which local-
ization of membrane proteins is essen-
tial to differentiation.

INTRODUCTION

A network of spectrin and associated proteins is attached
to the cytoplasmic surface of the erythrocyte plasma
membrane. This network, the membrane skeleton,
restricts the lateral diffusion of membrane proteins and
provides mechanical reinforcement to the membrane
(Sheetz, 1983), affecting both the deformability and the
mechanical stability of the membrane (Chasis and
Mohandas, 1986). In erythrocytes, the function of the
membrane skeleton is mechanical reinforcement; in other
cells, such as polarized epithelial cells, the function is
restriction of the lateral diffusion of membrane proteins.
The effects of the membrane skeleton on lateral diffusion,
elasticity, and mechanical breakdown are described in
terms of a percolation model. This model systematizes
and unifies long-held views (Steck, 1974; Cherry et al.,
1976) of the effects of the spectrin network.

In the normal erythrocyte, spectrin dimers associate
head-to-head to form tetramers of length 200 nm fully
extended; in the membrane skeleton, the end-to-end dis-
tance is ~76 nm. Actin and band 4.1 link the tetramers
into a network; actin oligomers form the nodes of the
network, and band 4.1 reinforces the association of spec-
trin with actin. Spectrin is bound to the anion transport
protein band 3 by ankyrin, and to glycophorin by band
4.1. These connections to integral proteins attach the
spectrin network to the cytoplasmic surface of the mem-
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brane (Sheetz, 1983; Goodman et al., 1988; Bennett,
1989). At 37°, ~20% of the band 3 dimer is bound to the
spectrin network; the rest is free to rotate, but its lateral
diffusion is hindered by the spectrin network (Tsuji et al.,
1988). The effect on diffusion is significant: the diffusion
coefficient of band 3 in normal erythrocytes is ~1/50 of
the value in spectrin-free spherocytic mouse cells (Sheetz
et al., 1980). Lipid diffusion is not significantly affected
by the presence of spectrin (Bloom and Webb, 1983).
Electron microscopy of stretched erythrocytes has shown
that 80-90% of the spectrin is organized into a triangular
lattice. Not all nodes have exactly six spectrin molecules
attached, and higher oligomers of spectrin are present in
low concentrations, but on the average the structure is
well represented by a triangular lattice (Liu et al., 1987;
Shen, 1989).

In erythrocytes, the membrane skeleton stabilizes the
membrane against mechanical stress. This stabilization is
essential if erythrocytes of diam 8 um are to pass through
capillaries of diam 2-3 um repeatedly.

Many types of hereditary hemolytic anemia have been
traced to defects in specific regions of proteins of the
membrane skeleton, or to deficiencies in the amount of
normal protein. These abnormalities prevent normal asso-
ciation of spectrin dimers into tetramers, or association of
spectrin tetramers with other proteins, leading to abnor-
malities in shape and to fragmentation (Zail, 1986; Palek,
1987; Clark and Wagner, 1989). For example, in a family
with hereditary elliptocytosis, as the amount of defective
a-spectrin increased, the amount of spectrin tetramer
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decreased and the mechanical stability of the membrane
decreased (Lane et al., 1987). Agre et al. (1985) found
that, in hereditary spherocytosis, as the spectrin content
of the erythrocyte decreased, the severity of the disease
increased. Here the spectrin molecule was normal but the
amount of spectrin was low.

The membrane skeleton is modeled as an incomplete
triangular lattice (Fig. 1) in which nodes represent actin
oligomers, bonds represent normal spectrin tetramers,
and missing bonds represent defective tetramers (Tsuji
and Ohnishi, 1986). Defective tetramers include missing
tetramers, single dimers, and dissociated dimer pairs. To
find the diffusion coefficient, we take the tetramers to be
barriers to diffusion and calculate their effect on diffusion
as described earlier (Saxton, 1989a4). To find the elas-
ticity, we take the tetramers to be springs, and calculate
the shear modulus of the lattice. The percolation model
gives the diffusion coefficient and shear modulus as a
function of the fraction b of intact bonds.

The model is illustrated in Fig. 1, in which bonds in a
triangular lattice are cut at random. The elasticity of the
network depends on paths along the bonds. As bonds are
cut, the elasticity decreases, but above the percolation
threshold, there is at least one continuous path extending
across the network, and the elastic modulus is nonzero.
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Below the percolation threshold, there are only discon-
nected clusters of bonds, and the elasticity is zero. The
percolation threshold for this lattice is b, = 2 sin (x/18) =
0.347 (Stauffer, 1985; Feder, 1988). The effect on diffu-
sion depends on the gaps in the network. Initially, diffu-
sion is highly restricted. As bonds are cut, the gaps grow
larger, and the range of diffusion increases. Below the
percolation threshold, the gaps extend across the entire
network, and diffusion over the entire network is possible,
though at a reduced rate. As still more bonds are cut, the
paths for diffusion become less tortuous, and the diffusion
coeflicient increases.

Potential applications of the model include the changes
in diffusion and elasticity during cellular development,
and the effects of abnormalities in proteins of the mem-
brane skeleton, either genetic defects (Clark and Wagner,
1989) or defects due to oxidative damage in stored
erythrocytes (Wolfe et al., 1986) and in sickle cell anemia
(Schwartz et al., 1987).

METHODS

Calculations of the diffusion coefficient for static barriers were carried
out using the algorithm described earlier (Saxton, 1989a4). The
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FIGURE1 The erythrocyte membrane skeleton modeled as an incomplete

triangular lattice. Bonds represent normal spectrin tetramers, missing

bonds represent defective tetramers, and nodes represent actin oligomers. Bonds are removed randomly, and the fraction of bonds present is b. Note
that in this example, when b = 0.35, just above the percolation threshold, there is no connected path of bonds from top to bottom, but adding one bond
at 4 would connect top to bottom. There are several connected paths from left to right, but cutting one bond at B would disconnect left from right.
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distance-dependent diffusion coefficient was obtained from these results
as described earlier (Saxton, 19895). Briefly, a point tracer executes a
random walk on a honeycomb lattice with a fraction b of bonds blocked.
The mean-square displacement (r?) of the tracer is found as a function
of time, and the concentration-dependent, distance-dependent diffusion
coefficient is obtained from D*(b, r) = {(r?)/t. The limit of D*(b, r) as
t — o« is the usual diffusion coefficient, apart from a logarithmic
correction discussed earlier (Saxton, 19894, ). A 201 x 201 honey-
comb lattice was used, with periodic boundary conditions. At each value
of b, for short runs (100-500 time steps), the mean-square displacement
was averaged over 100 different configurations of randomly blocked
bonds and 1,000 different random walks per bond configuration. For the
longest runs (150,000 time steps), 50 or 100 configurations of bonds
were used, and 100 different random walks per bond configuration. The
statistical error is illustrated in Figs. 3, a and b, where individual data
points are plotted for several independent runs for b = 0.2.

Calculations for transient barriers were carried out similarly. Bonds
in the honeycomb lattice are randomly assigned to two classes; a fraction
1 — b is permanently open, and a fraction b is transiently open.
Permanently open bonds correspond to paths obstructed by defective
spectrin tetramers, which are assumed to have no effect on diffusion.
Transiently open bonds correspond to paths obstructed by normal
spectrin tetramers. These paths are normally closed, but at each time
step they open with a probability 1/7 and remain open for one time step.
Here r is the characteristic time for transitions in the state of the barrier.
As before, a point tracer executes a random walk on this lattice, and the
diffusion coefficient is obtained. Calculations for Fig. 2 were carried out
ona 201 x 201 honeycomb lattice for 50,000 time steps, with 100 bond
configurations and 500 random walks per bond configuration. Calcula-
tions for Fig. 3 were carried out for 100-1,000 bond configurations, and
500 random walks per configuration.

The shear modulus was calculated by a modification of the method of
Feng and Sen (1984). A 40 x 40 rectangular section of a triangular
lattice is constructed, and periodic boundary conditions are imposed in
one direction, forming a cylinder. A small shear displacement (typically
0.001 lattice constants) is applied to the boundary points along the edges
of the cylinder, and the lattice points are allowed to relax to mechanical
equilibrium. Then a loop is executed in which a fixed number of
randomly chosen bonds is cut (typically 25), the lattice points are
allowed to relax, and the shear modulus is calculated from the force on
the boundary points.

The elastic energy function is given in Eq. 3. Relaxation to mechani-
cal equilibrium is by a conjugate-gradient minimization method (Press
et al., 1986), with a modified convergence test. The criterion for
convergence was that the maximum magnitude of the x- or
y-component of force exerted on any point by a nearest neighbor must be
<1 x 107* (compared with an initial force on a boundary point of 6 x
10-%). All calculations were done in double precision. Calculations were
done for 25 repetitions (for D, > 0) or 50 repetitions (for D, = 0). The
statistical error is illustrated in Fig. 5 for d = 0.01; individual data points
are plotted for two independent calculations (25 repetitions each) for a
40 x 40 lattice, and one calculation (25 repetitions) for a 50 x 50
lattice.

RESULTS

The Monte Carlo calculations yield the diffusion coeffi-
cient and the shear modulus as a function of the fraction b
of intact spectrin tetramers. Here, b is proportional to the
area density of normal spectrin tetramers, and is obtained
from the observed ratio of spectrin to band 3, and the
fraction of spectrin unable to associate normally (Saxton,

1989a). In the normal erythrocyte, b ~ 0.95 (Palek and
Lux, 1983). All results, whether calculations of diffusion
for the honeycomb lattice or calculations of elasticity for
the triangular lattice, are stated in terms of b. The
diffusion coefficient is normalized to one for b = 0, and
the elastic modulus is normalized to one for b = 1.

Diffusion in the presence
of static barriers

In the diffusion problem, intact spectrin tetramers are
assumed to act as barriers to protein diffusion; defective
tetramers (dissociated dimer pairs, single dimers, and
missing tetramers) allow proteins to diffuse freely from
triangle to adjacent triangle in the lattice (Tsuji and
Ohnishi, 1986). As demonstrated recently (see Fig. 1 of
Saxton, 1989a), diffusion in the presence of a triangular
lattice of barriers is equivalent to a random walk on bonds
of the honeycomb lattice, which is the dual of the triangu-
lar lattice. Diffusion therefore shows a percolation thresh-
old: the diffusion coefficient decreases monotonically with
b, and goes to zero at the percolation threshold for bond
percolation on the honeycomb lattice, b, = 0.347. If b >
b., the honeycomb lattice is disconnected enough that
long-range diffusion is blocked. Monte Carlo results are
shown in Fig. 2.

It is assumed that spectrin tetramers act purely as
barriers to diffusion, obstructing the cytoplasmic domain
of membrane proteins. An alternative view is that lateral
diffusion is hindered by transient binding of membrane
proteins to immobile elements of the membrane skeleton.
Evidence in support of a binding model is presented by
Golan (1989); the models are reviewed by Saxton
(1990).

A pure binding model appears implausible because it
would require spectrin to be suspended above the mem-
brane so that diffusing proteins could pass beneath it
freely. But a pure obstruction model appears implausible
in view of the known interactions among integral proteins
in the erythrocyte. Both effects are likely to be significant.
Nevertheless, it is useful to model the pure mechanisms to
help disentangle their contributions.

Diffusion in the presence of
fluctuating barriers

The preceding picture holds if the network is static. But
tetramers are in equilibrium with dimer pairs, and the
spectrin molecules may undergo conformational fluctua-
tions that allow diffusing proteins to pass under them
(Koppel et al., 1981; Sheetz, 1983). If the barriers
fluctuate between open and closed states, there is no
percolation threshold, and diffusion may occur for any
fraction of barriers.

Saxton
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The problem is still equivalent to bond percolation on
the honeycomb lattice, and Monte Carlo calculations can
be used to obtain the diffusion coefficient as a function of
b and of the relaxation time 7 for transitions between
blocked and unblocked states. In these calculations, there
are two classes of bonds, transiently open bonds and
permanently open bonds. Transiently open bonds, present
at a concentration b, correspond to a path blocked by a
normal tetramer. These bonds are normally closed, but
open with a probability 1/7 in each time step. Perma-
nently open bonds, present at a concentration 1 — b,
correspond to an unobstructed path, in which the spectrin
tetramer is defective.

Results for static and fluctuating barriers are shown in
Fig. 2. The static limit 7 = o« is applicable when the
diffusion measurement is much faster than the relaxation
time 7. When the measurement is slower than the relaxa-
tion time, the curves for finite 7 are appropriate. Only in
the limit r — oo is diffusion completely blocked above the
percolation threshold; this corresponds to a spectrin mole-
cule that is, on the time scale of the measurement, always
bound to the membrane and always in the tetrameric
form.

In Fig. 2, the effective-medium curve

D*=1-3b (1)

agrees well with the Monte Carlo results except near the
percolation threshold (Saxton, 1989a). The effective-
medium percolation threshold is 1/3; the exact value is
0.347 (Stauffer, 1985). Note that

D*(1) = 1/r. 2)

That is, if the spectrin network is complete, diffusion is
equivalent to a random walk on a complete honeycomb
lattice, but only a fraction 1/7 of the jumps is successful.
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FIGURE 2 Diffusion coefficient D* as a function of the fraction b of
normal spectrin tetramer, for the indicated time constants 7. The
diffusion coefficient is normalized to one for all spectrin in dimeric form.
Points are from Monte Carlo calculations; the curve for 7 = « is the
effective-medium value (Eq. 1); the other curves are guides for the eye.

The diffusion coefficient of band 3 in a normal mouse
erythrocyte is 1/50 that in a spectrin-free spherocytic
mouse erythrocyte (Sheetz et al., 1980), so that by Eq. 2,
7 = 50. Now 7 is the ratio of the relaxation time 75 of the
barrier to the jump time 7, of the diffusing particle, and 7,
is the time required for a particle to diffuse one bond
length £, on the honeycomb lattice, that is, the time for a
particle to diffuse from the center of one triangle to the
center of an adjacent triangle in the spectrin network, in
the absence of barriers. So 7; = 2}c/4D, where £, = 44
nm, and D = 0.25 um?/s, the observed value in a
spectrin-free mouse erythrocyte (Sheetz et al., 1980).
Then 7, = 2 ms, so that 7 = 50 corresponds to a relaxation
time 75 = 100 ms. Reasons for the discrepancy between 75
and the observed value in bulk solution were discussed
earlier (Saxton, 1989a).

Many experiments have shown that alteration of the
structure of the spectrin network has a major effect on
lateral diffusion of integral proteins (Sheetz, 1983; Tsuji
and Ohnishi, 1986; Golan, 1989). Agents dissociating the
network, such as polyphosphates or the 72-kD fragment
of ankyrin, increase the diffusion coefficient of integral
proteins. Agents increasing association, such as ankyrin,
polyamines, diamide, or high ionic strength, decrease the
diffusion coefficient.

It would be useful to have measurements of lateral
diffusion in which b and 7 are varied independently. To
vary b, cells with defective spectrin could be used, or
normal cells treated with a sulfhydryl blocking reagent
(Smith and Palek, 1983). To vary r, agents such as
2,3-diphosphoglycerate could be used; these increase the
rate of dissociation and association (Sheetz and Casaly,
1980).

Distance dependence of the
lateral diffusion coefficient

The usual concentration-dependent diffusion coefficient
D*(b) can be generalized to include the effect of the
distance over which diffusion is measured. The basic
physical idea is that a label is produced at ¢ = 0, and its
diffusion is then measured over a distance r. In fluores-
cence photobleaching recovery experiments, r is of the
order of the radius of the photobleached area, typically 1
um or more, whereas in measurements by excimer forma-
tion or fluorescence quenching, 7 is of the order of the
average initial separation of interacting species, typically
1-10 nm. The effects of obstacles on diffusion may be
much different in these two cases (Eisinger et al., 1986;
Saxton, 19895). The distance-dependent diffusion coeffi-
cient D*(b, r) can be obtained from Monte Carlo calcula-
tions (Saxton, 19895).

Numerical values for static barriers are shown in Fig.
3, a and b. If no bonds are blocked, D*(0, r) = 1 for all r.
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FIGURE 3 Distance dependence of the diffusion coefficient D* at the indicated concentrations of normal spectrin tetramers for diffusion of a point
tracer in the presence of static or transient barriers. The unit of length is 2, the lattice spacing for the honeycomb lattice. (a, b) Static barriers. To
illustrate the statistical error, individual data points are shown for ¢ = 0.2, for eight different runs of four different lengths. (¢) Transient barriers. For
7 = 50, the value estimated in the text, D*(r) is given for the indicated values of b. (d) Transient barriers. For b = 0.95, the value for normal

erythrocytes, D*(r) is given for = 25, 50, and 100.

At low concentrations of blocked bonds, D*(b, r)
approaches a limiting value D*(b) as r — o; the Monte
Carlo results in Fig. 2 for 7 = « are those limits. At high
concentrations of blocked bonds, above the percolation
threshold, D*(b, r) decreases with r, and goes to zero at
some finite distance. This is the range of local diffusion,
and decreases as more bonds are blocked. A simple
formula for this range has been obtained (Saxton, 19894,
Eq. 5).

Numerical values for transient barriers are shown in
Fig. 3 ¢ for r = 50 and a range of values of b, and in Fig.
3 d for b = 0.95, the value for the normal erythrocyte, for
a range of values of 7. Note that D*(b, r) reaches its
limiting value very quickly, particularly for large values
of b.

In Fig. 3, 7 is in units of ¢, the lattice spacing of the
honeycomb lattice; this is related to f;g;, the lattice
spacing of the triangular lattice, by £,¢c = £1gs/ V3. So if
the length of the unstretched spectrin tetramer is g, =
76 nm (Sheetz, 1983), then 4. = 44 nm. For static
barriers, then, if b = 0.6, D* goes to zeroat r ~ 1.8 ~ 79
nm. A diffusion measurement by excimer formation
would show diffusion, at a reduced rate, whereas in a
photobleaching measurement both the diffusion coeffi-
cient and the fractional recovery would be practically

zero. For transient barriers, if » = 0.6 and r = 50, D*
reaches its limiting value at r ~ 5 ~ 220 nm, and a
photobleaching measurement would yield that value.

Elasticity

Using the same model of an incomplete triangular lattice
of spectrin tetramers, we can calculate the shear modulus
of the network as a function of the fraction of intact
spectrin tetramers. Intact tetramers correspond to
springs, whereas defective tetramers are counted as miss-
ing springs. Monte Carlo calculations yield the shear
modulus 4* as a function of the fraction b of springs
present and the ratio d = D, /Dy of the elastic energy
coefficients for bending D, and for stretching, Dy.

The shear modulus is calculated because experimental
results are available and the calculation is simpler. The
bending modulus is of great interest (Nelson et al., 1988),
but the computer time required for three-dimensional
calculations is large. For a randomly cut triangular
lattice, all the elastic moduli are expected to go to zero at
the same percolation threshold.

For these calculations, we assume that the elastic
energy of a spectrin tetramer is (Schwartz et al., 1985;
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Arbabi and Sahimi, 1988)

E-(D/2) Z gil(w; — v - Rijlz +(D./2) Z 8ii8ik
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o [(u; —w) x Ru —(w—uw) x le]z . (3

Here u; is the displacement of site i from its equilibrium
position, R,, is a unit vector from site i to site j, and g;; = 1
if sites i/ and j are connected, and 0 if not. The first sum
represents the stretching energy; the second sum, the
bending energy. The first sum is over pairs of nearest-
neighbor sites; the second sum is over triplets in which the
j — iandi — k bonds form an angle with vertex i.

This form of the elastic energy is often used in the
percolation literature. The stretching term is a harmonic
function of the displacement; for small displacements, the
bending term is quadratic in the deviation of the angle jik
from its equilibrium value. We thus assume that the
elasticity is purely energetic in origin, and neglect the
entropic contribution (Mark, 1981).

Fig. 4 a shows the elastic energy of an intact lattice as
one point is displaced along a bond. For a given displace-
ment, the bending energy (Dy = 0; D, = 1) is much larger

4.0

3.0

20

Energy
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FIGURE4 (a) Elastic energy (arbitrary units) as a function of the
displacement of one point from equilibrium. No bonds are cut, and the
displacement is along a bond. (1), Bending energy only (Dy = 0; D, = 1).
(2),Dy=1;D, =0.1.(3), Dy = 1; D, = 0.05. (4), Stretching energy only
(Dy = 1; D, = 0). (b) Contour plot of the elastic energy for displace-
ments Ax, Ay of a point connected to the lattice by a single bond. Here
d = 0.01, the contour interval is 0.1, and the unit of energy is the same as
in Fig. 4 a.

than the stretching energy (D = 1; D, = 0). So the
appropriate range of D, is D, « Dy, particularly for a
molecule as flexible as spectrin. We take Dy = 1and D, <
0.2. Fig. 4 b shows a contour plot of the elastic energy for
displacements of a point connected to the lattice by a
single bond.

Values of u*(b, d) are shown in Fig. 5. If D, > 0, the
shear modulus goes to zero at the percolation threshold
for the triangular lattice, b, = 0.347. If D, = 0, the
percolation threshold shifts to the value for rigidity perco-
lation (Feng et al., 1985), b, ~ 0.642 (Roux and Hansen,
1988).

Rigidity percolation

In rigidity percolation, only bond-stretching forces are
included. The percolation threshold is then higher
because there are “floppy regions” which are connected
but cannot transmit an elastic force. Consider two rigid
regions connected by a single bent pair of bonds (Fig. 5,
inset). The regions are connected, but over a short
distance they can be pulled apart with zero force because
the bond has no resistance to bending. To connect these
regions rigidly, more bonds are needed (Feng et al., 1985;
Garboczi and Thorpe, 1985). The percolation threshold is
therefore much larger, b, ~ 0.642 for the triangular
lattice (Roux and Hansen, 1988) instead of b, = 0.347 for
ordinary percolation. Between these concentrations, the
network is connected enough to block diffusion but not
connected enough to be rigid.

Comparison with experiment

No experimental value for d is available. The spectrin
molecule is very flexible (Elgsaeter et al., 1986); a
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+ t
L + +]
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p d=02
04| 4
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FIGURES Normalized shear modulus x* as a function of . (Lines and
points) Calculated values for the ratios d = 0, 0.001, 0.01, 0.1, 0.2 of the
bending energy coefficient to the stretching energy coefficient. To
illustrate the statistical error, individual data points from three indepen-
dent calculations are plotted for d = 0.01, two for a 40 x 40 lattice and
one for a 50 x 50 lattice. (Crosses) Experimental values (Waugh, 1987;
Waugh and Agre, 1988) for erythrocytes from patients with hereditary
hemolytic anemia. Note that no patients were found with b < 0.40.
(Inset) Rigidity percolation (see text).
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structural model of the spectrin dimer includes many
hinge points (Speicher and Marchesi, 1984). But evi-
dence from the self-association of spectrin in bulk solution
indicates that the bending energy is nonzero (Shahbakhti
and Gratzer, 1986). The bending energy in bulk solution
has been estimated to be of the order of magnitude of the
thermal energy or less (Stokke et al., 1985), and the free
energy of shear deformation has been estimated to be
slightly larger than the thermal energy (Waugh, 1987).

Measurements of the shear modulus of individual
erythrocytes by micropipette aspiration (Waugh, 1987;
Waugh and Agre, 1988) showed that the shear modulus is
proportional to the amount of spectrin present (Fig. 5).
Chabanel et al. (1989) found, surprisingly, an increase in
the elasticity of elliptocytic erythrocytes as the fraction of
spectrin dimer increased.

At the lowest values of b measured, the experimental
results may be affected by the fact that the entire
population of erythrocytes is used in spectrin assays, but
knly a subpopulation of more intact cells is suitable for
elasticity measurements. The measured values may there-
fore be upper bounds, for the least-damaged cells in the
sample (Waugh, 1987; Waugh and Agre, 1988). In the
samples most affected, <15% of the cells were suitable for
measurement (Waugh, 1987). But this cannot explain the
disagreement for higher values of b. The discrepancy
between calculated and observed values is real; the exper-
imental results cannot be reproduced using the elastic
energy function of Eq. 3.

The use of a different potential energy function for the
spectrin molecule may lead to better agreement, though
the percolation model implies that for any choice of the
potential energy function, the elastic modulus must go to
zero at the percolation threshold. The time scale of the
measurements may be important; the values of u* shown
are for a static network (that is, it is assumed that the
network does not change during the time required for a
measurement). The assumption that the membrane skele-
ton is a simple triangular lattice may require modifica-
tion, as discussed later.

Mechanical breakdown

The shear modulus describes the response to low shear; at
high shear, breakdown of the network may occur. Chasis
and Mohandas (1986) presented a model of the mem-
brane skeleton in which deformability corresponds to
reversible extensions of spectrin springs; fragmentation
results when spectrin is stretched to the point at which
spectrin-spectrin or spectrin-actin-band 4.1 connections
are broken. A similar distinction is made in the percola-
tion literature, between elasticity models and breakdown
models.

Models of mechanical breakdown (Beale and Srolovitz,

1988; Meakin, 1987) resemble elasticity models, except
that the springs have a threshold: if a spring is stretched
beyond its threshold, it breaks. Beale and Srolovitz
(1988) used an incomplete triangular lattice of springs
with central forces only (D, = 0). In their calculations, a
small uniform strain is applied in one direction, and the
system is allowed to relax to mechanical equilibrium. If
any spring is stretched beyond its threshold, the spring is
broken and the system is again allowed to relax to
equilibrium. This process is continued with increasing
strain until the network breaks in two. The calculations
yield the strain for initial failure and the strain for
macroscopic breakdown, as a function of the fraction of
springs present.

The strain required for breakdown, like the elasticity,
goes to zero at the percolation threshold of the lattice
(Bergman, 1986; Beale and Srolovitz, 1988). As b
increases above b, the force required for breakdown
increases, so that the observed threshold for breakdown
depends on the applied force.

DISCUSSION

A unified picture of diffusion and
elasticity

We combine the previous results into Fig. 6, showing the
shear modulus and the long-range diffusion coefficient for
static barriers as a function of the concentration b of
intact spectrin tetramers.

Suppose that we start with a complete network b = 1.
The network has unit elasticity, and lateral diffusion is
blocked. A protein cannot move beyond the triangle in
which it is trapped, though if it is unbound it is free to
undergo rotational diffusion. If a few bonds are cut, the
elasticity decreases, as shown in Fig. 6, and local diffusion
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FIGURE 6 (Left) Diffusion coefficient D* from Monte Carlo calcula-
tions as a function of the fraction b of spectrin tetramer, for time
constants for bond opening 7 = 10, 100, «. (Right) Shear modulus x* as
a function of b. Monte Carlo values for ratios d = 0, 0.01, 0.2 of the
bending energy coefficient to the stretching energy coefficient.
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becomes possible, as shown in Fig. 3. As more bonds are
cut, the elasticity decreases further, and the range of local
diffusion continues to increase. At the percolation thresh-
old, the elasticity of the network goes to zero, and paths
for long-range diffusion begin to appear, extending over
the entire surface of the cell. As still more bonds are cut,
more long-range paths appear, and the long-range diffu-
sion coefficient increases. Finally, at b = 0, there is free
diffusion over all distances.

A normal spectrin tetramer corresponds to a spring
that is present in the elasticity problem, and to a path that
is blocked in the diffusion problem. The percolation
thresholds for the two problems are thus complementary.
For static barriers, then, mechanical reinforcement and
lateral diffusion of proteins are incompatible. If a lattice
is connected enough to be elastic over long distances, it is
connected enough to block diffusion over long distances.
For transient barriers, the incompatibility is not as strict;
diffusion is allowed at any concentration of spectrin, but
at a rate determined by the fluctuations in the barriers.
Brain spectrin is much stiffer than erythrocyte spectrin
(Coleman et al., 1989). So, whereas a network of erythro-
cyte spectrin might allow diffusion at a reduced rate, a
similar network of brain spectrin might block diffusion
completely.

The relation of elasticity and lateral diffusion was
shown in experiments on tethers formed by erythrocytes
in a flow chamber (Berk et al., 1989). The tethers lose
shear rigidity, and lateral diffusion is greatly enhanced,
implying that the lipid bilayer in the tethers is separated
from the membrane skeleton.

The prevention of lateral diffusion may be physiologi-
cally important. Localization of membrane components is
essential to the differentiation and function of many types
of cells, including epithelial cells and nerve cells (Almers
and Stirling, 1984).

Several mechanisms may be involved in the polariza-
tion of epithelial cells: the transport of newly synthesized
protein to the appropriate membrane domain, obstruction
of diffusion by the tight junction, and obstruction of
diffusion by the membrane skeleton (Fleming, 1987). But
Ojakian and Schwimmer (1988) demonstrated that some
proteins can be localized in epithelial cells even in the
absence of a tight junction.

There is much evidence that the membrane skeleton is
involved in polarization. Proteins cross-reactive with
erythrocyte band 3, spectrin, and ankyrin are present in
basolateral membranes of certain kidney cells (Drenck-
hahn et al., 1985). Spectrin, ankyrin, and Na*, K*
ATPase colocalize in basolateral membranes of those
cells (Drenckhahn et al., 1985; Koob et al., 1987). Anky-
rin binds to the ATPase (Koob et al., 1987). And during
the development of a continuous monolayer of MDCK
cells, when cell—cell contact becomes extensive, a polar-

ized distribution of ATPase develops at the basolateral
membrane at the same time as a spectrin layer forms
there (Nelson, 1989). Jesaitis and Yguerabide (1986)
found that half of the ATPase is mobile over micrometer
distances, as measured in fluorescence photobleaching
recovery experiments, but Nelson (1989) argues that the
membrane skeleton had not yet formed in the small
colonies of cells used in those measurements.

A very similar picture of the membrane skeleton of
nerve cells is emerging (Goodman et al., 1988).

Death at the percolation
threshold?

Mechanical breakdown of erythrocytes is physiologically
important; the basic indication of certain types of heredi-
tary hemolytic anemia is the presence of fragmented
erythrocytes (Zail, 1986; Palek, 1987; Clark and Wagner,
1989). In hereditary hemolytic anemia, it is well estab-
lished that the fragility of the erythrocyte is increased by
defects leading to the inability to form the normal amount
of tetramer (Lane et al., 1987). As demonstrated in cases
of hereditary spherocytosis, the less tetramer present, the
more fragile the cell, and the more severe the illness (Agre
et al., 1985; Chasis et al., 1988). The response of erythro-
cytes to shear forces in the laboratory is used to charac-
terize cases of hereditary hemolytic anemia (Mohandas,
1988; Waugh and Agre, 1988).

Experimental evidence suggests the existence of a
stability threshold at or near the percolation threshold
b, = 0.347 for the triangular lattice. In trypsin-treated
erythrocyte ghosts, the stability threshold was between
28% and 45% spectrin (Shields et al., 1987). Waugh and
Agre (1988) measured the shear modulus of erythrocytes
from patients with hereditary spherocytosis and heredi-
tary elliptocytosis, and noted the possibility of a thresh-
old: all cells measured had at least 40% spectrin (Fig. 5).
In cases of hereditary spherocytosis, the lowest concentra-
tions of spectrin observed were 45-55%, and for these four
patients the disease was nearly lethal (Agre et al., 1985).
Chasis et al. (1988) measured the mechanical stability of
erythrocytes of patients with hereditary spherocytosis.
The stability was reduced, the reduction was correlated
with spectrin content, and the authors state that “no
patient has yet been identified with <30% of the normal
spectrin content, and deficiencies of this magnitude may
be lethal.”

In the few cases in which b < b, (Saxton, 1989a), the
fragility of the erythrocytes is extreme. In one case of
hereditary pyropoikilocytosis (Peterson et al., 1987), b =
0.27. For these erythrocytes, the disintegration time
under shear stress was 2.5 min; controls required 33 min.
In a case of homozygous hereditary elliptocytosis (Evans
et al,, 1983), b = 0.18; the patient required frequent
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transfusions. In the spherocytic mouse cells used in lateral
diffusion measurements (Sheetz et al., 1980), spectrin is
almost completely absent. The lifetime of these erythro-
cytes is 1.0 d; the lifetime of normal cells is 48 d. The
fraction of reticulocytes was 91.2% in spherocytic mice,
and 3.2% in normal mice (Bernstein, 1980). In the
original spherocytic line, all homozygotes died within
24 h of birth (Joe et al., 1962).

Several complicating factors need to be considered.
First, breakdown is likely to occur slightly above the
percolation threshold. Just above b, the entire shear
stress may be borne by a single bond (such as bond B in
Fig. 1 e), and this bond may break. Second, the differ-
ences in protein defects in the various forms of hereditary
hemolytic anemia may be significant. Third, the simple
triangular lattice model is an approximation. Higher-
order spectrin oligomers (Shen, 1989) may lead to long-
distance cross-linking. Nonadjacent sites may also be
cross-linked by association of normal spectrin dimers left
dangling by defective partners. Entanglement of dangling
spectrin dimers (Chabanel et al., 1989) may also be
important. All of these associations may be permanent or
transient.

Applicability to other geometries

The assumption that the spectrin network forms a trian-
gular lattice simply determines the location of the perco-
lation threshold. Other lattices would yield similar fami-
lies of curves, going to zero at some other concentration of
bonds. The results of this paper are thus qualitatively
applicable to other cells with a membrane skeleton (Ben-
nett et al., 1988), such as nerve (Goodman et al., 1988),
kidney (Nelson, 1989), and muscle (Kunkel, 1989) cells.

In muscle cells, the membrane skeleton may provide
mechanical reinforcement. Recent work on muscular
dystrophy has implicated the protein dystrophin. Dystro-
phin is structurally similar to spectrin, as judged by its
sequence, and it is localized near the plasma membrane.
Dystrophin is present in normal muscle; it is absent in
Duchenne muscular dystrophy; and it is abnormal in the
less severe form, Becker’s muscular dystrophy (Kunkel,
1989). If, as recent evidence suggests (Mandel, 1989),
dystrophin forms a honeycomb lattice, the percolation
threshold would be shifted from 0.347 to 0.653.

Relation to other models

The ionic gel model (Elgsaeter et al., 1986) includes three
contributions to membrane properties: the elasticity of
the spectrin network, spectrin—spectrin interactions, and
the hydrogen ion tension. The percolation model treats
the first of these, and takes into account the connectivity

of the network. Eventually it may be possible to combine
the two models.

If the elastic properties of the membrane skeleton are
known as a function of spectrin concentration, this result
can be used as an input to classical continuum mechanics
(Evans and Skalak, 1980; Berk et al., 1989). At this point,
the elastic properties of the lipid bilayer can be included.

What the percolation model contributes is a way to
evaluate the effect of the connectedness of the membrane
skeleton on elasticity and lateral diffusion. The major
conclusions are (a) the incompatibility of lateral diffusion
and mechanical reinforcement, partial if there are fluc-
tuations in spectrin conformation or association, complete
if there are not; and (b) the identification of the observed
threshold for mechanical instability with the percolation
threshold for the triangular lattice. Membrane skeletons
of other cells with different lattice structures will show
similar behavior, but at a different threshold.
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